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The lemniscate looks like this:
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4
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.
To find j—i :
2 (m2 + y2)2 = 25 (m2 - y2)
d 2 d
5 2E)) = L@ )
d d
4 (2% + 1) (Qx T dez) — 25 (2g; - dez>

For convenience we will stop here.

d
Now, since we want to find the points (x,y) where the tangent line is horizontal, we want to know where & _ 0.

d
So we will set cTy = 0 in the equation above.
x

4(2® + %) (22 +2y(0)) = 25(2z —2y(0))
4(2* +y%) (22) = 25(2x)
8z (2*+¢?) = 50z

Now, note that if z = 0, then y = 0 (from the original equation). But at (0,0), you can see from the picture of

the lemniscate that the slope is not 0. Thus, z = 0 is not possible for the points we are trying to find. So, we can
divide by .

8x (ar2 + yz) = 50z
8 (ar2 + yz) = 50
2?4 q? = 24j

25

This last equation is a circle centered at the origin with radius =3 Thus, the points we are interested in all



lie on this circle (as well as on the lemniscate, of course).

o
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You can see from this picture that there are four points that lie on both the lemniscate and the circle. Let’s find
them. We need to solve simultaneously the two equations

25
2 (:1:2 + y2)2 = 25 (:1:2 — y2) AND 2% 494 = T
L 9 25 9
The second equation is the same as y* = 7 °

Using substitution

() - = (3-4)

% = 25 (2952 - 245>
% = 50a% — %5
1875
5022 = E
z? = 6
r = =+ I—Z
r = i%

25
Now, since y? = T z2, we have:
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, V3 5 53 5 5V3 5 53 5
Thus, our four points turn out to be : <4,4 A\ "1)\ "2 , and ~ 1

P. 189 # 49

First we must find where the curve crosses the x—axis. That is, find the x—values when y = 0. Setting y = 0 in
the equation gives us

2 —2(0)4+0% =

$2 =

3
r = +V3



Thus, the two points we are interested in are (\/g, O) and (—\/g, O) . We wish to show that the tangent lines at these
two points are parallel (that is, have the same slope). So we will start by finding the slopes.

2 —ay+y? = 3
d ;4 9 d
— — — (3
dx (:c Y ) dx )
dy dy
2z — —= 2y— =
T (y—&—axdx) + Y.
dy dy
2t —y—x— +2y— =
-y zdm + ydac 0
dy  dy
2y— —x—= = -2
ydw xdm gy
d
% Qy—z) = y—2z
dy y— 2z
de  2y—=x
The slope at the point (\/g, 0) is:
dy 0-2(V3) —2v3
m1 = — = = = 2
drle=ys  2(0)=+v3 -3
y=
The slope at the point (—\/3, 0) is:
dy 0—2(-v3) 2V/3
m2 = — = = = 2
drje=—v3  2(0)— (=V3) V3
y=0

Since the slopes are the same, the tangent lines are parallel.



