1. Let H< G and K <G. Let S={hxk|he€ H ke K}. Prove: S<G. (You do not have to prove that S is
a subgroup og G.)

Proof. ’Premises: H<Gand K<G. S:{h*k|hEH,keK}.‘
Let x € S and g € G be PBAC.

Then x = h x k for some h € H and k € K.

Thus,
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=gxhxkxg
=gxhx(gtxg)xkxg
=(gxhxg ") *(gxkxg™").

gxxTr*xg
1

Since H <G and K <G, we have gxh*xg ' € Hand gxk+xg~! € K.
Thus, gxx* g~ ! € S.

Conclusion: S<G| m

2. Let G be given by the following group table:

*He r s t u v w T
e e r s t uwu v w x
7 r e t s v u T w
S s t r e w T v u
t t s e r T w u v
ul|lu v xx w r e s t
v v u w x« e r t s
willw x w v t s r €
rl|lxz w v uw s t e r

(a) Find Z(u) (the centralizer of u).

Z(u) is the set of elements that commute with w.
From the table we see that Z(u) = {e,r, v, u}

(For example, r is in the set because u* r = v and r * u = v).

(b) Find @ (the conjugacy class of u).

This is the set of all elements of the form g % u % g~ *

, where g € G.
When we compute all 8 possible products of this form (e u* e™!, 7+ u* 771, etc.),

we see that each product simplifies to either w or v. Thus, @ = {u,v}.



3. Determine which of the following are homomorphisms. For each homomorphism, determine if it is a monomor-
phism, an epimorphism, and/or an isomorphism.

(a) ¢: G — G x G given by ¢ () = (x,x).

Is it a homomorphism?
d(axb)=(axbaxb)=(a,a)*(bd) = ¢(a)* ¢(b).
Yes, it is a homomorphism.

Is it a monomorphism?

P(a) = ¢(b)
(a,a) = (b,b)
a=b

Yes, it is a monomorphism.
Is it an epimorphism?
Let (a,b) € G x G, such that a # b.
Then there is no element g € G such that ¢(g) = (a,b).

No, it is not an epimorphism.

(b) ¢: G x Zy — G given by ¢ ((2,0)) =z and ¢ ((x,1)) =2~ 1.

Is it a homomorphism?
?((a,0) % (b,1)) = p(a*xb,1) = (ax* b) ' =blxa !
But, ¢(a,0) * ¢(b,1) = a* b, which is not the same.

No, it is not a homomorphism.

4. Let ¢ : Z X Z — 7 be given by ¢ ((a,b)) = a + b.

(a) Prove that ¢ is an epimorphism. (Note: you must prove that ¢ is a homomorphism first.)

Proof. ’Premises: ¢: 7 x 7 — 7 is given by ¢ ((a,b)) =a+ b‘
First we must prove that ¢ is a homomorphism.

Let (a,b),(¢,d) € Z x Z be PBAC.

Then ¢((a,b) * (¢,d)) =¢((a+c,b+d)) =a+c+b+d,

and ¢ ((a,0)) + ¢ ((c,d)) =(a+b)+(c+d)=a+c+b+d.
Thus, ¢ is a homomorphism.

Now, we must show it is onto.

Let m € Z be PBAC.

Then (m,0) € Z x Z, and ¢((m,0)) = m.

Thus, ¢ is onto.

’ Conclusion: ¢ is an epimorphism. ‘ [ ]

(b) Find ker (¢) .
ker (¢) = {(a,b) € Zx Z | ¢ ((a,b)) = 0}

{
{(a,—a) | a€ Z}



5. Quick Calculations.

(a) Find the order of the element {2, 8} in the factor group Z;2/ < 6 >

{2,8} =< 6> ®2
Since (K 6>@2)®(K6>P2)D(K6>P2)=<6>B2D202)=<6>D6=<6>

3 factors

and < 6 > is the identity element in Z15 / < 6 >, the order is 3.

(b) Suppose ¢1 : G — H and ¢ : H — K are homomorphisms. Let x € ker (¢1), and ¢ = ¢ 0 ¢1. Find
¢ ().

¢(x) = ¢2 (¢1 (2))
= ¢ (ey) since x € ker (¢1)
= ek (since a homomorphism always sends the first identity element to the second one).

6. Determine if each statement is TRUE or FALSE. If it is true, write TRUE and explain how you determined

this. If it is false, write FALSE and give a counterexample.

(a) ZQXZQ = Z4.

FALSE

These cannot be isomorphic, because Z, has an element of order 4 (1), but ZgxZs does not.

(b) Z =227.

TRUE
¢ : Z — 27 given by ¢(x) = 2z is an isomorphism.

(c) If G is abelian and H < G, then G / H is abelian.

TRUE
(H*a)® (H=*b)=H % (axb)
= H * (b= a) since G is abelian
=(Hx*b)® (H*a)



