Calculus III Review Worksheet

1. Find the equation of the line tangent to the given function at the indicated point.

-2
(a) f(z) = 3 at the point where z = 1.
x

3m-(3x2)—($3—2)-376x3+672x3+2

Solution: f'(x) = 52)? = o7 = 32

4 1
Therefore, the slope of the line is 3’ and a point on it is (1, —g)

1 4 4 5
The equation of the line is y — <—3> = g(x — 1), which simplifies to y = gx ~ 3

(b) h(z) = cos(2?) at the point where z = /Z.

: : T ™ 3 T 1
Solution: h'(x) = —2zsin(z?). h'(\/F) = —2 33 = —/m. Also, h(\/%) = 3.
Therefore, the slope of the line is —/7, and point is (\/g7 %)
1
The equation of the line is y — § = —/7(z — /%), which simplifies to y = —/7z + T4 7
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2. Evaluate
z=1 1
—d
(a) m£0x2—5x+6 v
=1 r=1
First te that / L d / L d
ir n : - dr= - -
st we note tha x2—5x+6$ ($73)(:C72)x
=0 =0
1 B A n B
(r—=3)(r—2) -3 x-2
= A(x—2)+B(z—-3)
r=2: 1=0+B(-1) = B=-1
r=3: 1=A(1)+0 = A=1
=1 z=1
1 1 -1
—__dr = d
/(w—?))(x—2) v /x—3+x—2 v
=0 =0
r=1
- In|z—3| —In|z — 2 o0
= (In24+Inl)—(In3—-1n2)
= 2In2—-1In3
= In4—1In3
4
= 1—
"3
z=7/3
(b) [ sinzcosz dx
r=7/6

Note: There are several ways to evaluate this integral. Here is just one of them.

u = sinx
du
— = cosT
dxr

du
der =

COS T



z=7/3 u=v/3/2
sinxcosx dr = / u du

x=7/6 u=1/2

3. Sketch each curve on a set of xy— axes.

(a) f(z) =6—a>.

 J
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(b) xzy =1
3_
2_
1_
152 3

(c) 422 +9y? — 16z + 18y = 11

This is the equation of a conic section. It will be easier to graph if we complete the squares first.

4o* 4+ 9y* — 162+ 18y = 11

4o? — 16z +9y> +18y = 11

4(2® —42) + 9  +2y) = 11

4(x? —dr+4 -+ 9 +2y+1-1) = 11
4(z° =4z +4) - 16 +9(y° +2y+1) -9 = 11
4(2® —dz+4)+ 90> +2y+1) = 36

4z -2 +9@y+1)? = 36
(:r—92)2+(yzl)2 _

So, this is an ellipse centered at (2, —1).
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(d) 422 — 9y? — 162 — 18y = 29.
Again, we complete the square.
4o —9y* — 162+ 18y = 29
4o® — 16z —9y* +18y = 29
4(x? —4z) —9(y* —2y) = 29
Az —dr+4-4) - 9> —2y+1-1) = 29
4(x? — 4z +4)—16-9(* -2y +1)+9 = 29
Az -4z +4) - 9(y* —2y+1) = 36
4z -2 -9(y—-1)* = 36
(z—2° (-1 _ 1
9 4

So this is a hyperbola centered at (2,1).

(e) The parametric curve described by © =2t + 4,y =t — 1.

Let’s eliminate the parameter t.

r = 2t+4
oz —4
b=
z—4
- ()
1
y = 530—3

So this is a straight line. Because there is no constraint on the parameter t, this is the complete line, not
just a segment or ray.



(f) The parametric curve described by © = 2 + cost,y = 1 + 3sint.

Again, we eliminate the parameter.

(cost)® + (sint)® = 1
—1\?
(x —2)* + <y> =1
3
2
({,C _ 2)2 4 (y 1) = 1
9
So this is an ellipse centered at (2,1).
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4. Find the area trapped between the curves y = 322 +2,2 = -1,z =2, and y = 0.

The area is given by the definite integral f;:fl 322 +2 dv

r=2
/ 302 +2 de = o®+22)"2%
r=—1
= 10— (-3)

= 13 square units

5. Find the shortest distance from the point (2,3) to the line y = 2z. (You should do this using calculus, but if
you want to confirm your answer using plain old algebra, go for it.)

Suppose (z,y) is a point on the line. Then the distance from that point to (2,3) is given by the following
formula: d=/(z —2)2+ (y — 3)2.

Because the point is on the line, y = 2z, the distance can be written as d = \/(z — 2)2 + (2z — 3)2. Now, we
make things easier by realizing that if we find the x-value that minimizes the distance, we will also have the
value that minimizes the square of the distance. The square of the distance is given by d* = (z—2)%+ (22 —3).
This is the function we want to minimize. Recall that we do this by setting its derivative equal to 0.

fl@) = (z2-2)*+(2z-3)?
fz) = 2> —dx+4+42* 120 +9
= b52? — 162+ 13

f'(x) = 10z —16



Setting 10z — 16 = 0, gives = 8/5. Since the function is a parabola that opens upward, this x-value must be a

minimum point, not a maximum point. The distance that corresponds to this x-value is \/(% —2)2+ (2(%) —-3)2 =

V@ G7 = &+ = ff s




