2.

1. Solve the initial value problem.

y'+3y +2y=0, y(0)=5 = ¢y (0)=-3

?4+3r+2 = 0
(r+2)(r+1) = 0
r = —2,-1

y(t) = cre 4+ cpet
Y (1) = —2cie® —cpet

c1+c = 5,—261—02:—3

cT = —2, Cy = 7
y(t) =22+ 7e!
(a) Demonstrate that the following set of functions is linearly independent by computing a Wron-
skian:
{tet, et 1}

tet et 1

W=| e+t —e? 0|=14+t+2+t=3+2t+#0
2et +te! et 0

(b) Demonstrate that the following set of functions is linearly dependent without computing a
Wronskian:

{sin2 t, cos? t,t2,3}
3sin’t 4+ 3cos’t+ 0t —3=0



3. Consider the differential equation
2y + 2ty —2y =0, t >0

1
Use the fact that y; () = 2 is a solution to this equation and the method of Reduction of Order to
find a second linearly independent solution of the form ys (t) = v (¢) - yy (¢) .

-2

Y2 = vt
vy = vt — 2073
vy = vt =20t — 2070 4 vt

V"2 — 4"t + 6ot

(W =4t 6ot F 2t (VTR = 20t7) =2 (vt7?) = 0
V' — 4t v/t 20t — 4o /tE — 20t/ = 0

V=20t = 0
2

t

2

"

v
U —
Inv' = 2Int
/Ul — t2
vo= gt?’ (or just t* since equation is linear)

Y2 () =1t

4. Solve the following differential equation using the method of Undetermined Coeflicients.

y// —y = teSt
=1 = 0
r = =+1

Y. (1) = cie' +coe

Y (t) = (A+ Bt)e*
Y'(t) = 3(A+ Bt)e* + Be*
Y"(t) = 9(A+ Bt)e* +3Be* 4 3Be
= 9(A+ Bt)e¥ 4 6Be

9(A+ Bt)e* + 6Be® — (A + Bt) e = te

9A+68B—-A = 0,9B—-DB=1

1
ool 3, 3

8 4 32

—t 3t 3t

y (t) = cre' + ce



5. Solve the following differential equation using the Method of Variation of Parameters.

1 / €3t
Yy — 6y —|—9y:t—3

?—6r+9 = 0
r-3?% =0

t t
= —e3t/ s_2d5+te3t/ s 3ds
to to
1

B O3t et 3t o3t
ot g 2t 2t
B P T . 1
2t g 283
Let t = 1 and then note that the terms with ¢, are linearly

dependent with the fundamental solutions set. So, we can drop them.

o3t
y(t) = cre® + epte® + —
2t
6. (a) A sixth order homogeneous linear differential equation with constant coefficients has a charac-
teristic equation that factors as follows:

(r—2)4(2r2—r+1) =0
Find the general solution y ().

2 —r+1 = 0

1+£v-7 1
T = _— = —

LV
4 4 4

T 7
y (1) = cre® + cote + cst?e® + cut’e® + c5et/* sin T\/_ + et/ cos T\/_



(a) Use the Method of Undetermined Coefficients to find_the form of y () so that y () is a solution
to the following differential equation. (Do not solve for the coefficients!)

y" +y" =1+sin2t
Pt =0

rP(r+1) = 0
Y. (t) = c1+ cot + e’

Y () = At" + Bcos 2t + C'sin 2t
y(t) = c1+ cot + cset + At” + Bos 2t + C'sin 2t



o

7. For the following differential equation, let y () = >_ a,z™ be a series solution.

n=0

4oy + xy + 32%y =0

(a) Find a recurrence relation for the coefficients a,,.

(b) If apgp = 1

Y (x) = Znanmn_l
n=1

y'(x) = n(n—1)a,z""

n=2

2

4x i n(n—1)a,2" 2 +zx i na,x" ' + 32° i apx" = 0
n=2 n=1 n=0

io: 4n (n — 1) apa™ + f: na,x" + i 3a,2"% = 0
n=2 n=1 n=0

i 4(m+1)(m)amz™ + i ma,,x" + i 3ay,_ox™ = 0

m=1 m=1 m=2
1
= 1: 4(2)(1)a2+1(a1)20:>a2=—§a1
Z 2: 4(m+1)(m)am+1—l—mam+3am_2:0:>am+1:_

and a; = 2, find a, and as.

1
s = —=a1 = —g (2) = ——

“TTUE)e) 24 T

My, + 3Cp—2

4(m+1)(m)



