Section 1.1

M e ——————
. MS 1 each of Problems 1 through 6 draw a direction field for the given differential equation,

Based on t_he direction field, determine the behavior of ¥ ast — oo. If this behavior depends
on the initial value of y at ¢ = 0, describe the dependency.

Ly=3-2 Fl 2y=2_3
3. _]}'23—[—2_}1' ﬂ 4. yl—"—'—]—zy
5.}":1-1-2_1,- ﬁ 6.y =y+2

Ineach of Problems 7 through 10 write down a differential equation of the form dy,/dt = ay -
whose solutions have the required behavior as ¢ — o, i
i

7. All solutions approach y = 3. 8. Allsolutions approach y = 2/3, .
9. All other solutions diverge from y = 2. 10. All other solutions diverge from y= lﬁt

5
:E}k
In each of Problems 11 through 14 draw a dircction field for the given differential equation.
Based on the direction field, determine the behavior of y as t — so. If this behavior depents
on the initial value of y at 1 = 0, describe this dependency. Note that in these problems i
equations are not of the form y' = ay + b, and the behavior of their solutions is somewhit
more complicated than for the equations in the text.

#F 1 y=yd-y F 12y =—y5-y

§ 13y =y Fl 14y =yy-2p :
Consider the following list of differential equations, some of which produced the dire -
ficlds shown in Figures 1.1.5 through 1.1.10. In each of Problems 15 through 20 identify the

differential equation that corresponds to the given direction field.
(a) ¥ =2y ~1 by ¥y =2+ ]
€) y=y-2 (d) ¥ =yly+3

(e) ¥ =y(y-3) (H yv=1+2y

(8) y=-2-y (h) y=y3 -y

@ y=1-2 B y=2-y

15. The direction field of Figure 1.1.5.
16, The direction field of Figure 1.1.6,
17, The direction field of Figure 1.1.7,
18. The direction field of Figure 1.1.8.
19. The direction field of Figure 1.1.9.
20. The direction field of Figure 1.1.10,
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FIGURE 116 Direction field for

FIGURE L1.5 Direction field for
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FIGURE 1.1L8 Direction field for

Problem 18.

FIGURE 1.L.7 Direction field for

Problem 17.
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FIGURE 1.1.10 Direction field for

Problem 20.

FIGURE L19 Direction field for

Problem 19.



21. A pond initially contains 1,000,000 gal of water and an unknown amount of an undesirable
chemical, Water containing 0.01 gram of this chemical per gallon flows into the pond ata
rate of 300 gal/hr. The mixture flows out at the same rate, so the amount of water in the pond
remains constant. Assume that the chemical is uniformly distributed throughout the pond.

(a) Write a differential equation for the amount of chemical in the pond at any time,

(b) How much of the chemical will be in the pond after a very long time? Does this
limiting amount depend on the amount that was present initially?

21. A spherical raindrop evaporates at a rate proportional to its surface area. Write a differ-
ential equation for the volume of the raindrop as a function of time,

23. Newton's law of cooling states that the temperature of an object changes at a rate propor-
tional to the difference between the temperature of the object itself and the temperature
of its surroundings (the ambient air temperature in most cases). Suppose that the am-
bient temperature is 70°F and that the rate constant is 0.05 {min)~'. Write a differential
equation for the temperature of the object at any time,

24, A certain drug is being administered intravenously to a hospital patient. Fluid containing
5 mgfem® of the drug enters the patient’s bloodstream at a rate of 100 eny’/hr. The drug
is absorbed by body tissues or otherwise leaves the bloodstream at a rate proportional to
the amount present, with a rate constant of 0.4 (hr)~',

(a) Assuming that the drug is always uniformly distributed throughout the bloodstream, |
write a differential equation for the amount of the drug that is present in the bloodstream
at any time,

(b) How much of the drug is present in the bloodstream after a long time?

ﬂ 25. For smaafjlE slowly falling objects, the assumption made in the text that the drag force is
proportional to the velocity is a good one. For larger, more rapidly falling objects, it is
More accurate to assume that the drag force is proportional to the square of the velocity.?

(a) Write a differential equation for the velocity of a falling object of mass m if the drag
force is proportional to the square of the velocity.

(b} Determine the limiting velocity after a long time.

2 . .
See Lyle N Long and Howard Weiss, “The Velocity Dependence of Aerodynamic Drag: A Primer for
Mathematicians™ American Mathemarical Monehily 106 (1999), 2, pp. 127-135,

For #28 and #30, the directions are the same as for #1-6, and the equations are:

28. Yy =e 4y
30. vy =3sint+1+y



