MTH 362-01 TEST 1 Solutions
Fall 2008

Please show your work on separate sheets of paper.

1. Define / state
a) aset S = {v1, V3, ..., vn} of m-dimensional vectors is linearly independent
b) a matrix A is nonsingular.
¢) two systems of linear equations in n unknowns are equivalent
d) Describe/list the three elementary row operations
e) a system of equations is consistent
Solution - see the book

1 -1 -1
2.  Determine whether the vectors 0 | -1 1, 1 are linearly
-1 0 -1
independent or linearly dependent. (Show your work for full credit)
1 -1 -1
Solution: To be linearly independent, c¢; 0 +c | =1 | +c3 1 =
-1 0 -1

0 cannot have a nonzero solution. This is equivalent to solving the matrix
equation

1 -1 -1 c1 0
0o -1 1 co | =10
-1 0 -1 C3 0
or, using row reduction techniques:
1 -1 -1 0 1 -1 -1 0 1 -1 -1 0
—Ro&—1R
0 -1 1 o ™% o -1 1 of "5 lo 1 -1 0
-1 0 -1 0 0 0 -2 0 0 O 1 0
Therefore, ¢c; = co = ¢c3 = 0. Hence the vectors are linearly independent.
1 1 1
3.8&4 Thematrix A= | 1 3 1 | has an inverse.
2 20
a) Use echelon row reduction methods to find the inverse A~1
Solution:
1 1.1 1 0 0 1 1 1 1 0 0 1R 1 1 1 1
13101 0™ o2 0 -110 = |0o10 F
22000 1™ o0 —2 —2 0 1] 001 1
110 0o 3 1 oo & -t I
2 2 2 2
Ml 10 2 L o™ o 10 2 L0
001 1 0 F oo0o1 1 o0 FH
1 _1 1
2 22
A= -3 3 O
10 -3

ST
vLo o



b) Use the inverse to solve the system of equations

z+y+z = 0
r+3y+z = 2
2v4+2y = —4
Solution
: 0 4 < s][0] [
y =41 2 |=| -2 3 0 2 | =] 1
z —4 1 0 -1 —4 2

2
¢) Use the inverse and the properties of inverse and transpose matrices to

solve the system of equations

r+y+2z = 8
r+3y+2z = 12
z+y = 4
T 8 1 1 2
Solution: Write as amatrix: B|y | =] 12 |, B=|1 3 2 | =AT.
z 4 1 1 0
11 1
Ty~ 1 T 3P
Moreover, B~ = (A ) = (A_l) =| -5 3 0
1 1
7 0 =3
T i -1 8 2
Hence y | = —% % 0 12 | =1 2
2 oo -4 2
5. Find the equation of the line going through (2,1,3) and parallel to the vector
3
v = -2
4
Solution:
r = 3t+2
= =2t+1
z = 443

6. Suppose that {v7,vs,v3} is a set of linearly independent vectors in R™.

Prove, that {vy,v] + v, 0] + U3} is a linearly independent set of vectors.
Solution:To be linearly independent, ¢;v7 +c2(v] +vs)+c3(v1 +v3) = @ cannot
have a nonzero solution. Equivalently, (c;+ca+c3)v1 +c2v3 +c3v3 = 0 cannot
have a nonzero solution. But {v7, v3, 03} is a set of linearly independent vectors
in R™ so the coefficients (¢; 4+ ¢2 4+ ¢3) = 0,¢c2 = 0,¢3 = 0. Since both ¢; = 0
and ¢3 = 0,(c; +0+0) =0, so ¢; = 0. Therefore ¢c; = ¢ca = ¢3 = 0, and
{v1,v] + Us,v] + v3} is a linearly independent set of vectors.

7. Find the equation of the plane perpendicular to the line in problem 5 and
going through the point (6,-3,5).



Solution: ¥ = |—2]| is normal to the plane. Therefore the equation of the

plane is:
3z —2y+4z=D

Setting x=6, y=-3, z=5yields D =3(6)—2(—3)+4(5) =44 : 3x—2y+4z = 44
8. For a three by three matrix, the elementary row operation of adding twice
row 2 to three times row 3 and placing that in row 2 can be represented by a
3x3 matrix . Write E.

Solution:

100
0 2 3
0 0 1

9. Find the vector form for the general solution to the system of equations

z—2y = 0
20+2z = 0
3r—4y+z = 0
Solution: Write as a matrix:
-2 0 1 -2 0 1 -2 0
0 2 1| ™=l 2 1|0 2 1
13 —4 1] 0 2 1 0 0 O
Let
r—2y=0,2y+2=0=>z=2y,y=S5'2=>ax=—2z=> the solution is
[« [—1
y | =27
| 2 |1




