
MTH 362-01 TEST 2 Solutions
Fall 2008

1. De�ne / state
a) a set S = f�!v1 ;�!v2 ; :::;�!vng of vectors is linearly independent
b) a set S = f�!v1 ;�!v2 ; :::;�!vng of vectors spans a subspace W .
c) a set S = f�!v1 ;�!v2 ; :::;�!vng of vectors is a basis for a subspace W
d) a set S is a null space of a matrix A
e) T : Rn ! Rm is a linear transformation.
f) the dimension of a subspace V:
g) the rank of a matrix A

h)
n�!
b1 ;
�!
b2 ; :::;

�!
bn

o
is an orthogonal basis for a subspace W

i)
n�!
b1 ;
�!
b2 ; :::;

�!
bn

o
is an orthonormal basis for a subspace W

Soln: See text.

2. Find a basis for the subspace spanned by the vectors

24 1
2
4

35 ;
24 2
1
5

35 ;
24 0
1
1

35.

Soln:

241 2 0
2 1 1
4 5 1

35 !
241 2 0
0 �3 1
0 �3 1

35 !
241 0 2

3
0 1 � 1

3
0 0 0

35 ; so
8<:
24 1
2
4

35 ;
24 2
1
5

359=;
is a basis.

3. Find a basis for the null space of the matrix A =

241 2 0
2 1 1
4 5 1

35
Soln: From problem 2,

24x1x2
x3

35 satis�es x1 = � 2
3x3; x2 =

1
3x3; so

8<:
24�231

3
1

359=;
is a basis
4. Let A be an nxn matrix. Prove that W = f�!x 2 Rn j A�!x = �!x g is a
subspace of Rn.
Soln: Let W = f�!x 2 Rn j A�!x = �!x g and �!x and �!y be elements of W:

Then A�!x = �!x and A�!y = �!y . Then A(�!x +�!y ) = A�!x +A�!y = �!x +�!y ; so
�!x + �!y 2 W: Let c 2 R;�!x 2 W; then A(c�!x ) = cA�!x = c�!x : Thus W is a
subspace of Rn:
Alternatively, W is the nullspace of the matrix A�I, and hence a subspace.

5. Let U and V be subspaces of Rn: Prove that W = U \ V is a subspace
of Rn.
Soln: Let U and V be subspaces of Rn and W = U \ V . Let �!x and �!y

be elements of W: Then �!x ;�!y 2 U implies �!x +�!y 2 U and �!x ;�!y 2 V implies
�!x + �!y 2 V since U and V are subspaces. Therefore �!x + �!y 2 U \ V: Let
c 2 R;�!x 2W; then �!x 2 U implies c�!x 2 U since U is a subspace and �!x 2 V
implies c�!x 2 V since V is a subspace. Therefore c�!x 2 U \ V =W . Thus W
is a subspace of Rn:
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6. Find an orthonormal basis for the subspace spanned by the linearly inde-

pendent vectors

2664
0
1
2
0

3775 ;
2664
3
6
2
0

3775 ;
2664
2
�1
1
0

3775

Start with �!v1 =

2664
0
1
2
0

3775 : then �!v2 =
2664
3
6
2
0

3775�

2666664
0
1
2
0

3777775�
2666664
3
6
2
0

3777775













2666664
0
1
2
0

3777775














2

2664
0
1
2
0

3775 =
2664
3
6
2
0

3775� 10
5

2664
0
1
2
0

3775

=

2664
3
6
2
0

3775� 2
2664
0
1
2
0

3775 =
2664
3
4
�2
0

3775

�!v3 =

2664
2
�1
1
0

3775�

2666664
0
1
2
0

3777775�
2666664
2
�1
1
0

3777775













2666664
0
1
2
0

3777775














2

2664
0
1
2
0

3775�

2666664
3
4
�2
0

3777775�
2666664
2
�1
1
0

3777775













2666664
3
4
�2
0

3777775














2

2664
3
4
�2
0

3775

=

2664
2
�1
1
0

3775� 1
5

2664
0
1
2
0

3775� 0
29

2664
3
4
�2
0

3775 =
2664

2
�6=5
3=5
0

3775
An orthogonal basis is

8>><>>:
2664
0
1
2
0

3775 ;
2664
3
4
�2
0

3775 ;
2664

2
�6=5
3=5
0

3775
9>>=>>; =

8>><>>:
2664
0
1
2
0

3775 ;
2664
3
4
�2
0

3775 ;
2664
10
�6
3
0

3775
9>>=>>; :

An orthonormal basis is

8>><>>:
2664

0

1=
p
5

2=
p
5

0

3775 ;
2664
3=
p
29

4=
p
29

�2=
p
29

0

3775 ;
2664
10=
p
145

�6=
p
145

3=
p
145
0

3775
9>>=>>;

7. Find the matrix A representing the linear transformation T : R3 ! R3

given by T

0@24xy
z

351A =

24 2x� 3yy � 2z
x+ y + z

35.
the matrix is A =

242 �3 0
0 1 �2
1 1 1

35
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8. Prove or disprove that T : R3 ! R3 given by T

0@24xy
z

351A =

24 x� 3=yz
x� y + z

35 is

a linear transformation.

Soln: T is not a linear transformation since T

0@2400
0

351A =

24undefined0
0

35 6=2400
0

35
It also violates both the scalar multiplication and additive properties.
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