MTH 362-01 TEST 2 Solutions
Fall 2008

1. Define / state
a) aset S ={vy,0s,...,0,} of vectors is linearly independent
b) a set S = {v;,0s,...,0n} of vectors spans a subspace W.
c) aset S = {v1,03,...,un} of vectors is a basis for a subspace W
d) a set S is a null space of a matrix A
e) T :R" — R™ is a linear transformation.
f) the dimension of a subspace V.

g) the rank of a matrix A
— — —
h) {bl, ba, ..., bn} is an orthogonal basis for a subspace W

. — — — . .
i) {bl, ba, ..., bn} is an orthonormal basis for a subspace W
Soln: See text.

1 2 0
2. Find a basis for the subspace spanned by the vectors | 2 |, | 1 |, | 1
4 5 1
1 20 1 2 0 10 2 [ 1 2
Soln: |2 1 1| - |0 =3 1| - |0 1 —1|,so0 21,11
4 5 1 0 -3 1 0 0 O 4 5
is a basis.
1 20
3. Find a basis for the null space of the matrix A= {2 1 1
4 5 1
I =2
Soln: From problem 2, |z | satisfies 1 = —%1'3, To = %xg, SO %
T3 1

is a basis
4. Let A be an nxn matrix. Prove that W = {7 c¢R" | A7 =72} is a
subspace of R™.

Soln: Let W ={Z €R" | A7 =72} and 7 and ¥ be elements of W.
Then A7 =7 and Ay =7%y. Then A(Z +¥Y)=AT7 +AY =72+, so
T+Y €W Let ce R, T €W, then A(c7) = cAZ =c@. Thus W is a
subspace of R™.

Alternatively, W is the nullspace of the matrix A— I, and hence a subspace.
5. Let U and V' be subspaces of R”. Prove that W =U NV is a subspace
of R™.

Soln: Let U and V be subspaces of R* and W =UNV. Let ¥ and ¥
be elements of W. Then 7z, % € U implies T + 3 € U and 7,y € V implies
7 + 7y €V since U and V are subspaces. Therefore @ + 3 € UNV. Let
c€R, 7 €W, then @ € U implies ¢z € U since U is a subspace and = € V
implies ¢’ € V since V is a subspace. Therefore cz’ € UNV = W. Thus W
is a subspace of R".



6. Find an orthonormal basis for the subspace spanned by the linearly inde-

0 3 2
pendent vectors N -1
21712171
0 0 0
0] [3
1| |6
0 3 2| 12| To 3 0
Start with vy = ; . then v3 = g - OO 02 ; = g —1?? ;
0 0 1 0 0 0
2
0
3 0 3
6 1 4
=l2| ~2|2| T |2
0 0 0
0 2 3 2
1| [-1 4 -1
2 21111 [o —2|' 1 3
— |1 0 0 1 0 0 4
V3 = 1 - 0 pi 2l — 3 p —9
0 1 0 4 0
2 -2
0 0 |
2 0] 3 2 ]
-1 111 o | 4| _|-6/5
Tl s 2 22| |3/
0 0] 0 0
[0 3 2 0 3 10
An orthogonal basis is ; , :12 , _33/55 = ; ) :12 ) _36
0 0 0 0 0 0

0 3/v20 1 [10/v145
An orthonormal basis is ;;ﬁ 5 _42//\/\72% ) _3(;/\/\/17?
0 0 0

7. Find the matrix A representing the linear transformation 7 : R® — R3

T 2x — 3y
given by T | |y =| y—2z |.
z T+y+z

2 -3 0
the matrixis A= (0 1 -2
1 1 1



T x—3/y

8. Prove or disprove that T : R? — R3 given by T | |y = z is
z r—Y+z

a linear transformation.

0 unde fined
Soln: T is not a linear transformation since 7' | |0 = 0 #*
0 0
0
0
0

It also violates both the scalar multiplication and additive properties.



